K — 06 2)(.-‘4 ) 2>\+L>

L Xld) — A (=)
XA~ « @HL)UN;I))
gt -y
Gy (™)
213 — ¥

(42) (204)
2 9%

"t Ty

@+) (3-)
i@x"—r bﬂ

Sl L1 I TN Ve 4 . R

1= ot x /X707 &
4§t Qided Mt wve W\Fﬁﬁuw

-

Hon Co Llsacs G W A .
o - 25 ol exiik .

C) bm( +3) E




2y2

T
Examplpdé.s.l. Let f(P) = f(z,y) = m
s 22

P .c
"Using £-5 definition establish: lim ?—f—y, =0.

y—0

~

3

Solution: Let € > 0 be given. We are to find a § > 0 s.t. in some deleted 6-nbd of (0,0)".:
for all points (z,y),

Now clearly,
2? < 2?49?92 < 2?92

2,2 2 2\2
so that Ty (a: +y7)

Snsd o M
Ty zly 3
——— -0 <eg o, ——<e. ’

1R < B g =r’+y’<e
if  0<2?+49y% < 6% whered =\/E ; ) )4
Thus, we have found out § = VE to satisfy the requirements of the deﬁMﬁbﬁ.
Therefore, v 1 | - '
Li_r.x}) 3,2?;2 =0. ’

y_.o . o
: z2 — 92 | B et
E le 13.3.2. Establish that lim zy > = (0, |
z—0 x + y2

y—0

Solution: Let £ > 0 be given. To find a é-nbd of (0,0)(5 > 0) such that in that nbd
N, V(z,y)

2 2
IL'2 2

=2 4 y?

x2 —y)?
$ym2+y2
|z% — 4| - 7
22 +Jy2 .,

2 _,9
Clearly, 2| < /2% + 13, ly| < VZ3+3?® and E;—lil <1,

4+ y

Ty - 0| <e ie,

But  |zy = |zlly|

zz_yz_o = |z|| ||32~y2|<\/a:2+ L.Vrl+yei=maityl<s
g i Bl L o ¥ ” v Y

- 2 n * ¢ b :‘
i.e., zy"’;:-:-;,-o < e, 1f0<z’+y’<6’whem6-\ﬁ.
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gxample 13.3.3. Tb prove lim ——¥

does not ezist
L 4] 2 .

Solution: Let f(z,y) = xga_::"y.z.
The domain of f is the whole zy-plane punctured at the ori
of limit we &re to examine the values of f near (0,0),
If we introduce polar co-ordinates ¢ = pcosf

gin (0, 0). For existence
Le., in some deleted nbd. of (0, 0).
2 = psiné, thenvf takes the form

— %y _ pcosf-psind

Here, of course, p = /22 + 2. Ag (z,y) — (0,0),p — 0.

From this formula, it is clear that f is constant on each straight line through the
ofigin (y = ztanf) and that, in general, the constant is different on different lines.

Clearly, then, the values gf f cannot be made close to any constant A by simply
rest..cting p. Thus, ]}_1}(1)

y—0

Alternative Method. I ut y = mz. Then we have

% sin 26.

5 5 does not exist in this case.
z°+y

f(z,mz) = 7 _:nm2.

Agein, we see that f has different constant values on different lines through the

g; 80 by letting (z,y) — (0,0) along a suitable line through the origin, f(z,y) will
"PProack any value k specified at pleasure.

: 8° the values of J cannot be made close to any one constant A in soma nd of (0,0);
! cannoy exist in this case. The limit must have to be unique.
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Example 18,8.4. The function f, defined over the whole zy-plane, is given by

12l - 2152
flay)={ @S 0 vhenv#0

0, when y = 0.

Discuss the enistence of limit of f(z,y) as (z,y) — (0,0).

Solution: On the line z = 0, we have f(0,y) =0, Yy and the limit is zero as (z,7) -
(0,0) along this line. "%
On any other line z = ay through the origin we have

f(ay,y) = I_ay_le—laully2 = Jﬂe—la/yl ~ 3
y? |yl -
and the limit of this expression as y — 0 is easily seen to be 0, by using (say) L’Hospit;l'

tending to zero.
But see that along the parabola z = g%, we have e

' 2
V" —*/?) = o1
f&hy) = e W)= el

Hence f is always e~! along a parabola passing through the origin and clearly zhcg'

lim f(z,y) is not unique and the limit, in fact, does not exist.
(z.y)—(0.0)
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yed
E P 18.8.5. f(x,y) = m.

‘ccuss the enistence of the limit of f(z,y) as (z,y) — (0,0).

Solution: Let us consider the double limit as (z,y) - (0,0). If we approach the origin
along any axis, f(x, y) = 0 and the limit is zero. If we approach along any line y = mz

(m # 0) then
3;'2' mx mx

@)= gz = s m?

which tends to zero as x — 0.
Thus. when we approach the origin along any line y = mz, the limit = 0. But let

us approach the origin along a parabolic path y = mz?; here also y — 0 as z — 0.

z2. mx? m

But, f(zy)=fle,ms’) = 7 = Ty

which has different values for different m. Hence the double limit
z2y

: lim ——— does not exist.
(zy)—(0,0) =4 + Y2

Example 13.3.6. lim(z? + 2y) = 5, when (z, y) — (1,2). Verify.

Solution:
|z? +2y — 5| = |:1:2—1+2y—4|5|:1:2—1|+2|y—2|=!x+1||:z:—'1|+2|y—2|
<25+26when0<|:v—1|<5and0'<|y—2|<6if0<651

s |z + 2y — 5| < €, where € is any given positive nuﬁxbér,
if 46 < ¢, i.e., if § <eg/4d or 1, whichever is smaller, i.e,, d < min{§,1}-

Thus, the definition requirements are met and the statement is TRUE.
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